Considering the classical two-point correlators built from (axial)-vector, scalarqq and gluonium currents, we confront results obtained using the SVZ ⊕ 1/q 2 expansion to the ones from some QCD holographic models in the Euclidian region and with negative dilaton Φ i (z) = −|c 2 i |z 2 . We conclude that the presence of the 1/q 2 -term in the SVZ-expansion due to a tachyonic gluon mass appears naturally in the Minimum Soft Wall (MSW) and the Gauge/String Dual (GSD) models which can also reproduce semi-quantitatively some of the higher dimension condensate contributions appearing in the OPE. The Hard-Wall model shows a large departure from the SVZ ⊕ 1/q 2 expansion in the vector, scalar and gluonium channels due to the absence of any power corrections. The equivalence of the MSW and GSD models is manifest in the vector channel through the relation of the dilaton parameter with the tachyonic gluon mass. For approximately reproducing the phenomenological values of the dimension d = 4, 6 condensates, the holographic models require a tachyonic gluon mass (α s /π)λ 2 ≈ −(0.12 ∼ 0.14) GeV 2 , which is about twice the fitted phenomenological value from e + e − data. The relation of the inverse length parameter c i to the tachyonic gluon mass also shows that c i is channel dependent but not universal for a given holographic model. Using the MSW model and M ρ = 0.78 GeV as input, we predict a scalarqq mass M S ≈ (0.95 ∼ 1.10) GeV and a scalar gluonium mass M G ≈ (1.1 ∼ 1.3) GeV.
Introduction
The SVZ-sum rules approach [1, 2] have been used successfully for understanding the properties of the lowest mass hadrons in QCD. It is based on a duality between the measured spectral function and the semi-perturbative QCD expression using the Operator Product Expansion (OPE) in terms of the quark and gluon condensates or their mixing. These condensates are assumed to give a good description of confinement at moderate energies. More recently [3, 4] , it has been also shown that UV renormalon contributions can be mimics by a 1/q 2 -term induced by a tachyonic gluon mass while its duality with these large order terms of the PT series has been studied in [5] . On the other hand, QCD holographic models have been recently extensively studied following the ideas in [6, 7] that one can have a duality between the large N c limit of a maximally N=4 superconformal S U(N c ) gauge theory in n dimensions and the supergravity limit of a superstring/ M-theory living on a (n + 1) Anti de Sitter (AdS) space ⊗ a compact manifold. Such a gauge/gravity duality has been applied to QCD by mapping it onto gravitational effective theories in 5-dimensions on an AdS background. Different forms of the gauge/string correspondence for studying the hadron spectra in Minkowski space
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have been proposed in the literature. In the so-called top-down approximation, one tries to keep the underlying string structure. In so doing, one usually starts with a theory in 10-dimensions. Its reduction to 5-dimensions in the supergravity limit contains in general additional higher derivatives which are 1/ √ N c (or the Regge slope α ′ ) corrections. A model of this approach has been discussed in [8] and used in different phenomenological applications in [9] [10] [11] . In this paper, we shall consider the so-called Soft-and HardWall models [12, 13] of the bottom-up approach and the simplified version of the Gauge/String Duality (GSD) [8] used in [9] [10] [11] . We compare the results obtained for the two-point functions from these holographic models with the SVZ ⊕ 1/q 2 expansion. In so doing, we consider the two-point correlators:
built from the local (axial-) vector current:
or the local scalar quark current:
where ψ is the light quark field and
We shall also consider the gluonium correlator built from gluonium field strength:
with β 1 = −(1/2)(11 − 2n f /3) for n f active flavours. We shall evaluate the previous two-point correlators using either the previous holographic models or the SVZ expansion [1, 2] including quark and gluon condensates and the 1/q 2 contribution from tachyonic gluon mass which goes beyond the standard SVZ-expansion [3] . The latter term has been motivated to phenomenologically modelize the UV-renormalon contributions and has been shown in [5] to be dual to large order PT series.
The vector two-point function
The two-point correlator has the Lorentz decomposition:
where the upper indices 1 and 0 refer to the spin 1 (transverse) and spin 0 (longitudinal) hadronic components.
• Π
(1)
One can evaluate the two-point correlation function using the SVZ expansion ⊕ 1/q 2 -term in the Euclidian region. One obtains to leading order in α s and using the normalization of the current in Eq. (2) [1] [2] [3] :
where we have used the contribution of the d = 8 condensates within the vacuum saturation assumption but including the 1/N c corrections from [14] . λ 2 is the tachyonic gluon mass with a phenomenological value [3, 15] :
and with an absolute approximate upper limit:
• Π The vector two-point function in the Minimal Soft Wall (MSW) model has been studied in [13, 16] , where the case of a Minkowskian metric and a positive background dilaton field 
where A(z) = − ln(z/R) for pure AdS 5 with radius R; η µν ≡ g µν is the 4D Minkowski metric tensor with signature (-+++). The bulk action for a gauge vector field over the bulk-volume V is given by [13] :
where k is the 5-dimensional Newton constant and
M is the abelian part of the field strength tensor. The corresponding equation of motion reads:
which, in terms of the 4d Fourier-transformed fieldṼ
and:
The equation of motion of the bulk-to-boundary propagator reads:
with the general solution (z > 0):
where
and B are integration constants with respect to z; U is the Tricomi confluent hypergeometric function and 1 F 1 is the Kummer confluent hypergeometric function. In the UV limit z → 0, this solution reads:
where the digamma function ψ(a) has an infinite set of simple poles located at a = −n (n ∈ N) with residues -1 and
where B 2 = 1/6, B 4 = −1/30,... are Bernoulli numbers. In the Fourier q-space, the two-point correlator is obtained by means of twice the functional derivative of the critical bulk action with respect to the boundary fieldṼ 0 :
from which one can deduce:
where the critical fieldṼ crit (q, z), also solution of Eq. (14), is related to its restrictionṼ 0 (q) on the boundary space by means of the bulk-to-boundary propagator V(
Using the solution in Eq. (20), one can deduce in the Minkowski space [13] : (22) where we have dropped constant terms which are physically irrelevant; ν is the usual subtraction constant. It is important to notice that due to an "accident" numerical cancellation among different terms, the coefficients of c 
V (q 2 ) from an extension of the MSW model
The absence of the 1/q 6 term in the MSW model due to some miraculous cancellation of its coefficients shows its departure from the SVZ-expansion. One can try to improve the model by adding the contribution of the large q 2 limitB of the B-term in Eq. (15) . In this way, one obtains the additionnal contribution:
whereB(q 2 ) is the asymptotic form of B(q 2 ) in the large q 2 limit. The presence of this term is however unlikely since this solution gives a divergent action S e f f 5d when z → +∞ contrary to the prescription in MSW model where the solutions correspond to a regular action. Keeping this solution in B would be similar to another choice of regularization prescription. In this way, one can obtain new terms:
whereB i are arbitrary coefficients such that the modified model looses its predictivity and becomes less interesting.
V (q 2 ) from the MSW model with a negative dilaton field
One can do an analysis similar to the case of the positive dilaton field [17] . Defining the negative dilaton field by:
the corresponding bulk propagator reads:
where V is the bulk propagator for a positive dilaton field defined in Eq. (15) . Using Eq. (20) for V <0 , one can deduce in the Minkowski space:
where there is an additional term (interpreted as a massless unphysical pole in the literature) compared with the expression of Π
Expanding the previous expression for q 2 → +∞, one obtains:
where the additionnal term proper to c , where its physical interpretation remains to be clarified.
•
Evaluating the vector correlator in the HW model, one obtains [18] :
where the perturbative part is the same as in the MSW model which is natural because the two models only differ in the IR region. However, it is rewarding that in the HW model, Π
V has no power corrections at all indicating its large departure from the SVZ-expansion.
• Π 
V has been evaluated until the 1/q 2 term in [9] in the background given by:
with the result:
The coefficient of the 1/q 2 term can be compared with the one from the MSW model in Eq. (22) from which one can deduce:
By using a Weyl tranformation, one can show that the MSW model and GSD model are indeed equivalent in the vector channel taking into account the constraint in Eq. (33) though [9] derives a slightly different constraint 2c 2 v = c A /2 which is due to the fact that he started from a string-like action in the background (31) which differs from the one in Eq. (10).
• SVZ ⊕ 1/q 2 -expansion versus some QCD holographic models -Matching the SVZ ⊕ 1/q 2 -expansion result in the Euclidian region in Eq. (6), with the previous results from different holographic models, one can remark that the HW model does not present any power corrections at all indicating its large departure from the SVZ-idea.
-From the previous analysis, one can notice that the quadratic correction introduced by [3] appears naturally in the MSW model and GSD model. This quadratic correction could be a remnant of stringy effect in QCD as suggested by Zakharov. Confronting the expressions in Eqs. (6) and (22) 
Using the previous value of λ 2 in Eq. (7), one can deduce:
where the sign of c 2 v is consistent with a tachyonic gluon. -Using this result, one can predict for the d = 4 condensate:
which is relatively small compared to the phenomenological value [15, [19] [20] [21] [22] [23] [24] [25] [26] :
and to the original SVZ estimate α s G 2 ≈ 0.04 GeV 4 [1] which has been recovered in [10] from a direct evaluation of the Wilson loop in the GSD model. An analogous underestimate occurs for the d = 8 condensate obtained using a vacuum saturation assumption but including the 1/N c corrections. In this d = 8 case, one can also notice that the MSW model does not reproduce the log −q 2 /ν 2 -term appearing in the OPE. -Inversely, we can instead use the value of α s G 2 in Eq. (37) to fix |c 2 v |. We obtain in this way:
Instead, one can also use the relation between |c 2 v | and the ρ-meson spectrum [13, 17, 27] :
coming from the pole of the digamma function
Demanding that the MSW model reproduces the lowest ground state ρ-meson (n = 0), one can deduce:
The absolute values in Eqs. (38) and (40) are much larger than the phenomenological upper value of about (0.12 ∼ 0.14) GeV 2 obtained in [15] . Within the crude approximation where these numbers have been derived, we consider that the agreement with the phenomenological fit is remarkable. It is also important to notice that the matching of the MSW model results in the Euclidian region with the SVZ-expansion is essential for fixing the sign of c 2 v which cannot be done from the alone fit of the spectrum in the Minkowski space due to the fact that the bulk potential from the Schrödinger-type equation behaves like c 4 v .
-As already mentioned earlier, the d = 6 condensate is absent in the MSW model due to some numerical cancellation of its coefficient. The extension of the MSW model can cure this disease by the introduction of a non-zero integration constantB like in Eq. (25) . However, within this framework, the MSW model looses its predictivity due to the arbitrariness ofB and to the lack of convergence of the corresponding effective action S e f f 5d when z → +∞.
-A result similar to the one in the MSW model has been obtained by [9] in the GSD model. [2] and controls the assumption of the superconvergence of the 1 st (which involves the sum of the spin 1 and 0 contributions) and the 2 nd (which involves the spin 1 or 0 contribution) Weinberg sum rules for q 2 → ∞ [28] . Solving these sum rules in the chiral limit m q = 0 and the current algebra relation in Ref. [29] , Weinberg has derived the well-known relation:
The
It has been shown within QCD [30] that the perturbative (PT) contribution due to the light quark masses breaks the 1 st Weinberg sum rule to order α s m 2 q while the 2 nd sum rule is broken to leading order m 2 q log m 2 q of PT.
• Π In the chiral limit m q = 0, and using the SVZ expansion, one also finds a cancellation of contributions of terms of dimension d ≤ 4 due to mand the flavour independent 1/q 2 and α s G 2 contributions. One obtains [1, 2, 31, 32] :
where ρ ≃ 2 indicates a deviation from vacuum saturation. An extraction of the four-quark condensate from e + e − and τ-decay data and the light baryon spectra gives [19, 20, 33] :
LR (q 2 ) in the HW model
One obtains in the Hard-Wall model [18] :
where all contributions come from Π
A due to the fact that Π
(1) V has no power corrections in this model. However, this feature is completely different from the SVZ-expansion.
In the MSW model, the linear equation of motion of the axialvector bulk fields (which describe holographically the axial resonances) reads as:
v(z) is the function which describes the chiral symmetry breaking. Typically, v(z) has two contributions: one which depends on the mass m q of the light quark while the other depends on the chiral condensate. As a result, when m q = 0 and keeping only the contributions of condensates d ≤ 4, v(z) 2 vanishes and the vector and the axial sectors are completely equivalent [see Eq. (12)]. In the MSW model, the expression of Π LR similar to the one in Eq. (44) has been derived in [34] from a relation of Π LR with the axial-vector-vector (AVV) vertex following the evaluation of this vertex in [35] . We plan to come back to this analysis in a future publication.
• SVZ ⊕ 1/q 2 -expansion versus holographic models
One can compare the previous expressions (42) and (44) in the large N c limit. Using:
one can notice that the previous expressions exhibit qualitatively the same π 2 and large N c behaviours 4 but with different numerical values.
The scalar two-point function Π S (q 2 )
• Π S (q 2 ) using the SVZ expansion ⊕ 1/q 2 -term We pursue our investigation by evaluating the two-point function of the scalar current using the SVZ ⊕ 1/q 2 expansion. We shall work in the chiral limit m q = 0. Detailed derivations of the expression have been extensively discussed in the literature. To leading order in α s , the result is [1, 2]:
where we have used the result obtained by [14] for the d = 8 condensate contributions.
• Π S (q 2 ) from the MSW model
The expression of this correlator is known in the literature for the case of a positive dilaton 5 . It reads in the Euclidean space [37, 38] 
where we have dropped constant terms which are physically irrelevant; ν is the usual subtraction constant. We do the substitution in Eq. (23) for transfering this result into the Euclidian region, where one can also notice that the result remains the same for a negative dilaton.
• SVZ ⊕ 1/q 2 -expansion versus MSW model
Matching the result from the two different approaches in the Euclidian region, one can deduce:
where c 2 s is negative due to the tachyonic value of the gluon mass. Using this relation and the phenomenological value of α s λ 2 in Eq. (7), one can predict:
For the d = 6 contribution, the negative value of c 2 s is crucial for matching the two approaches. One can deduce: 
while a deviation by a factor 2 above the vacuum saturation of the four-quark condensates leads to:
where the sign has been fixed by the matching of the d = 6 condensate contribution which requires again a tachyonic gluon mass. Therefore, our analysis shows that matching the MSW model approach with the SVZ expansion requires a value of the tachyonic gluon mass to be in the range:
where the absolute value is slightly higher but consistent with phenomenological determinations. Moreover, it is more important to notice that the tachyonic origin of the gluon mass is necessary for matching the MSW model and the SVZ ⊕ 1/q 2 -expansion in the Euclidian region in order to have the correct signs of the d = 2 and d = 6 contributions.
The scalar gluonium two-point function
• Π G (q 2 ) from SVZ ⊕ 1/q 2 expansion Using SVZ-expansion for large q 2 in the Euclidian region and including the quadratic correction introduced by CNZ [3] for modelling UV renormalons and/or large order terms of the PT series, the expression of the two-point function reads for q 2 < 0 and to leading order in α s [39, 40] :
where we have used a vacuum saturation including the 1/N c corrections for the estimate of the d = 8 condensate contributions; β(α s ) is the usual β-function defined in Eq. (4) and λ 2 is the square of the tachyonic gluon mass.
• Π G (q 2 ) from MSW model The two-point correlator has been evaluated in the MSW model by [41, 42] in the Minkowski space and for a positive dilaton. Using the substitution in Eq. (23), we can transform the previous result to the Euclidian space (q 2 < 0): 
where one can also notice that the result is the same for a negative dilaton.B(q 2 ) is a function of 1/q 2 like in Eq. (25) but constant with respect to the variable z. In the MSW model, one takesB=0. In the HW model, one again finds that Π G (q 2 ) does not have any power corrections like in the vector and scalarqq channels.
We compare the AdS/QCD expression in the Euclidian space with the one from the SVZ-expansion.
-One obtains by matching the leading order PT expressions:
where β(α s ) is defined in Eq. (4).
-Equating the quadratic terms, one obtains:
-Equating the d ≥ 4 terms, one finds in the MSW model that all of these terms have opposite signs with the ones in the SVZexpansion. Such problems can be evaded by assuming thatB 0 and by working within the expansion in Eq. (25) like done in [38] . However, the approach becomes obviously less predictive and would imply modifications in the Soft Wall recipe.
Pursuing the matching of the two approaches for higher dimension condensates, one notice that the correlator of theqq scalar current is described consistently term by term by the two approaches until the d = 8 condensates contribution reached in the SVZ-expansion. In the vector channel, the MSW model fails to reproduce the SVZ coefficient of the d = 6 condensate contribution which vanishes in the MSW model due to some miraculous cancellation of its coefficients, while in the scalar gluonium channel, the MSW model cannot reproduce the sign of the Wilson coefficients of the d ≥ 4 dimension condensates. In order to cure this difficulty, we have briefly discussed an extension of the MSW model which is however less attractive than the MSW model due to its lesser predictivity. From the relation of the dilaton parameter c i to the tachyonic gluon mass, we have also deduced a constraint among these parameters in different channels indicating that they are channel dependent but not universal for a given model. Then, we have deduced new values of the hadronic mass ratios where the prediction for the scalar gluonium mass is in the range given by the substracted and unsubtracted gluonium sum rules [40, 43, 44] and by lattice calculations with dynamical quarks [47] . We have also derived a hadronic hierarchy scale similar to the one obtained from QCD spectral sum rules analysis of different channels [1] [2] [3] 39] .
